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Riemannian Geometry of Lie algebroids 

Mohamed Boucetta 



Abstract. We introduce Riemannian Lie algebroids as a generalization of 
Riemannian manifolds and we show that most of the classical tools and 
results known in Riemannian geometry can be stated in this setting. We 
give also some new results on the integrability of Riemannian Lie algebroids. 
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1 introduction 

Lie groupoids and Lie algebroids are now a central notion in differential 



^SJ ' geometry and constitute an active domain of research. They have many 

applications in various part of mathematics (see for instance [4, 5, 6, 14]). 
Roughly speaking, a Lie algebroid is a structure where one replaces the tan- 



gent bundle with a new vector bundle with similar properties. In this spirit, 
' many geometrical notions which involves the tangent bundle were general- 

OO . ized to the context of Lie algebroids. For instance, covariant derivatives 

' were generalized by Fernandes [9], Lagrangian mechanics were generalized 

by Weinstein [18] (see also [6]). Actually, a Riemannian metric on a man- 
^ ■ ifold is a notion which involves the Lie algebroid structure of the tangent 

bundle and the Koszul formula, which defines the Levi-Civita connection, 
is an illustration of this fact. A Riemannian metric on a Lie algebroid is a 
natural extension of the classical notion of Riemannian metric on a manifold 
and this notion appeared first in the context of Lie algebroids associated to 
Poisson structures (see [2, 3, 12, 13]). 

In this paper, we present the basic concepts related to a Riemannian struc- 
ture on a Lie algebroid, namely, we will show that most of the classical tools 
and results known in Riemannian geometry can be stated in this setting 
after some slight arrangements. In Section 2, we present some basic facts 
on connections on Lie algebroids based on recent results of [7]. In Section 3, 
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we define the Levi-Civita connection associated to a Riemannian Lie alge- 
broid and we show that this connection satisfies relations which are similar 
to those introduced by O'Neill in the context of Riemannian submersions 
[15] (sec [1] for a detailed presentation). Section 4 is devoted to the study 
of the geodesic flow of a Riemannian Lie algebroid. As the classical case, we 
define the analogous of the Sasaki metric and we compute the divergence 
of the geodesic flow with respect to this metric. This divergence does not 
vanish in general contrast to the classical Liouville theorem. We state the 
flrst and the second variation formulas and introduce the analogous of Ja- 
cobi fields. This section can be thought of as a completion of subsection 
4.2 in [18] and Section 5 in [11]. In Section 5, we study the curvature of 
a Riemannian Lie algebroid and generalize some classical results, namely, 
Mayers theorem. Section 6 is devoted to the study of integrability of Rie- 
mannian Lie algebroids, for instance, we show that a complete Riemannian 
Lie algebroid whose Riemannian curvature is nonpositive is integrable and 
is diffcomorphic to its Weinsein Lie groupoid. This is a generalization of 
Hadamard-Cartan theorem. 

2 Background on Lie algebroids 

In this section we review some basic facts related to Lie algebroids and 
to connections in the context of Lie algebroids (see [6, 7, 9] for a detailed 
presentation) . 

2.1 Canonical Poisson structure on the dual of a Lie alge- 
broid 

A Lie algebroid A over a smooth manifold M is a vector bundle p : A — > M 
together with a Lie algebra structure [ , ] on the space of sections T{A) and 
a bundle map # : A — > TM called anchor such that 

(i) the induced map # : r(^) — > X{M) is a Lie algebra homomorphism; 

(ii) for any sections a,b ^ r(yl) and for every smooth function / G C°°(M) 
we have the Leibniz identity 

[ajb] = f[a,b] + #{a){f)b. (1) 

An immediate consequence of this definition is that, for any x G M, there 
is an induced Lie bracket say [ , ]x on 

= Ker(#^) C A^ 
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which makes it into a Lie algebra. 

The following theorem describes the local structure of a Lie algebroid (for 
a proof see [9]). We denote by n the dimension of M and by r the rank of 
the vector bundle A — > M. 

Theorem 2.1 (Local splitting) Let xq e M be a point where has 
rank q. There exists a coordinates (xi, . . . , Xq, yi, . . . , Un-q) valid in a neigh- 
borhood U of Xq and a basis of sections {ai, . . . , o^} of A over U , such that 

#{ai) = d^^ {i = l,...,q), 

#{ai) = ^b'^dy. {i = q+l,...,r), 

j 

where G C°°{U) are smooth functions depending only on the y's and 
vanishing at xq: 6*-' = U^{y^), U^{xq) = 0. Moreover, for any i,j = 1, . . . ,r, 

u 

where Cf^ G C°°{U) vanish if u < q and satisfy 

Prom this theorem we deduce that the image of # defines a smooth gener- 
alized distribution in M, in the sense of Sussman [16], which is integrable. 
This foliation is called characteristic foliation of A. We call A transitive Lie 
algebroid if # is surjective, so the leaves are the connected components of 
M. 

We denote hj Al the restriction of ^ to a leaf L. Prom (1) one can deduce 

easily that the bracket [ , ] induces a bracket on the space of sections of 
PL : Al — > L and hence a transitive Lie algebroid structure. When x run 
over L the Q'^s are all isomorphic and fit into a Lie algebra bundle Ql over 
L (see [14]). 

The dual A* of a Lie algebroid p : A — > M carries a natural Poisson 
structure which can be described as follows. 

For any function / G C°°{A*) and for any section ^ G T{A*), we define a 
section G r(^) by putting, for any x E M and for any fi^ E A*, 

< fJ-x, f^{x) >= ^ fi^ix) + i/Xx). 
at \t=Q 
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Now, for any functions f,g € C°°(A*), we define the bracket {f,g} by 
putting, for any section ^ G T{A*), 

{f,g}oC=<^,[f^,9i]>+#{m9oa)-#{g^){foa), (2) 

where a : M — > A* is the zero section. One checks that this bracket defines 
a Poisson structure. 

If one chooses local coordinates (xi,...,x„) over a neighborhood U of M 
and a basis of local sections (ai, . . . , a^) over U, we have structure functions 
b'\ G C°°(?7) defined by 

n 

#(a,) = Yu^^'d,, (s = l,...,r), 

i=l 
r 

[as, at] = ^ C^tau (s, t = 1, . . . , r). 

Let (^1, . . . , ^r) denote the linear coordinates on the fibers of A* associated 
with the dual basis (a^, . . . , a^). One can see easily that 

{x,,x,} = 0, {x,,e.} = -6^' and {is,^t) = Y.^liu- (3) 

u 

Example 2.1 1. The basic example of a Lie algebroid over M is the tan- 
gent bundle itself, with the identity mapping as anchor. The associated 
Poisson structure on T*M is the one defined by the symplectic form 
dX where A is the Liouville form. 

2. Every finite dimensional Lie algebra is a Lie algebroid over a one point 
space. The associated Poisson structure on the dual is the Lie-Poisson 

structure. 

3. Any integrable subbundle of TM is a Lie algebroid with the inclusion 
as anchor and the induced bracket. 

4- Let {P, vr) be a Poisson manifold. Then there is a natural Lie algebra 
structure on i^^(-P) which makes T*P into a Lie algebroid over P (see 
[17]). 

2.2 Connections on Lie algebroids 

We develop now the basic theory of connections on Lie algebroids. This 
notion, which is the natural extension of the usual concept of covariant con- 
nection, have recently turned out to be useful in the study of Lie algebroids. 
It appeared first in the context of Poisson geometry (see [9, 10, 17]). 
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Let p : A — > M be a Lie algebroid with anchor map An ^-connection 
on a vector bundle E — > M is an operator V : r(yl) x T{E) — > r{E) 
which satisfies: 

1. Va+&s = VaS + VfoS for any a,b e T{A) and s G T(E); 

2. Va(si + S2) = VaSi + VaS2 for any a G r(^) and si, S2 G r(£'); 

3. VfaS = fVaS for any a G r(A), s G r(E) and / G C°°(M); 

4. V„(/s) = /V„s + #(a)(/)s for any a G r(^), s G r(£;) and / G 
C°°(M). 

From the definition, one can deduce immediately that, for any leaf L, V 
induces an A^^-connection on El — > L. 

Given an ^-connection on a vector bundle E over AI, most of the classi- 
cal constructions (related to a classical covariant derivative) extend to Lie 
algebroids, provided we use the appropriate notion of paths on A. 

Definition 2.1 Let p : A — > M be a Lie algebroid with anchor 

1. An A-path is a smooth path a : [to,ti] — > A such that 

#{a{t)) = -^piait)), te[to,ti]. 

The curve 7 : [toi^i] — ^ M given by 7(i) = p(a{t)) will be called the 
base path of a. 

2. An A-path a is called vertical if a{t) G Qp{a{tQ)) for CLny t G [to,ii]- 

Remark 2.1 Even if, for a vertical A-path the base path is reduced to a 
constant curve, vertical A-paths play a non trivial role in the study of con- 
nections on a Lie algebroid. 



2.3 Pctrallel transport 

Let p : A — > M be a Lie algebroid, E — > M a vector bundle and V an 
^-connection on E. Fix an ^-path a : [tQ,ti] — > A. An a-section of E is 
a smooth map s : [to,ti] — > E such that the projections on M of a and s 
define the same base path. We denote by T{E)ct the space of a-sections of 
E. Then there is exists an unique map 

V" : TiE)^ T{E)^ 

satisfying: 
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1. V"(cisi + C2S2) = ciV"si + C2V"S2, ci, C2 G IR; 

2. V"/s = f's + /V"s where / : [to^^i] — ^ IR is a smooth function; 

3. if s is a local section of E which extends s and 4j^{a{t)) ^ then 

4. if s is a local section of E which extends s and a is vertical then 

V"s(t) = V„(t)J+^s(i)- 

An a-section s is called parallel along a if V"s = 0. One has then the notion 
of parallel transport along a, denoted by 

and T^(so) = s{t) where s is the unique parallel a-section satisfying s(0) = 
So- 

If ao G Ax and s is a section of in a neighborhood of x, one can check 
easily that 

where a is any yl-path satisfying a{d) = oq. 

2.4 Linear /l-connections, geodesies and compatibility with 
the Lie algebroid structure 

Let p : A — > M be a Lie algebroid with anchor ^. We shall call A- 
connections on the vector bundle A — > M linear A- connections. 
Let 2? be a linear A-connection. An yl-path a : [to,ti] — > vl is a geodesic 
of V if V^a = 0. Let {xi,. . . be a local system of coordinates on an 
open set U and (ai, . . . ,a,.) a basis of local sections over U. The structure 
functions C"^ G C°°{U) are given by 

n 

#as = {s = l,...,r), 

i=l 

r 

[as,at] = ^Qa„ (s, t = 1, . . . , r). 

u=l 
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We define the Christoffel symbols of V according to (oi, . . . ,0^) as usually 

by 

r 
u=l 

An ^-path a is locally determined by 

r 

a{t) = ^ ai{t)ai, p{a{t)) = {xi{t), Xn{t)). 

i=l 

The ^-path a : [to, ti] — > ^4 is a geodesic if, for i = 1, . . . , n and j = 1, . . . ,r, 

( ^ 

Xi{t) = ^aj(t)&'Xxi(t),...,x„(i)), 

(5) 

"jW = - J2 as{t)au{t)rl^ixi{t), . . . ,Xn{t)). 

s,u=l 

Exactly as in the classical case, one has existence and uniqueness of geodesies 
with given initial base point x & M and "initial speed" A^. Actually, 

there exists a vector field G on A such that the geodesies of V are the integral 
curves of G. We call G the geodesic vector field associated to V and V is 
called complete if G is complete. 

We introduce now two natural notions of compatibility between a linear 
A-connection and the structure of Lie algebroid. 

Definition 2.2 1. A linear A-connection V is strongly compatible with 
the Lie algebroid structure if, for any A-path a , the parallel transport 
Ta preserves Ker#. 

2. A linear A-connection T) is weakly compatible with the Lie algebroid 
structure if, for any vertical A-path a, the parallel transport Ta pre- 
serves Ker#. 

The following proposition gives an useful characterization of the two notions 
of compatibility above. 

Proposition 2.1 1. A linear A-connection T> is strongly compatible with 
the Lie algebroid structure if and only if, for any leaf L any sections 

a G r{AL) and (3 € T{gL), v^p G r{gL). 
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2. A linear A-connection V is weakly compatible with the Lie algebroid 
structure if and only if, for any leaf L and for any sections a G ^{Gl) 

andpeViGL), v^peViGL). 

Proof. This is a consequence of (4).n 

Example 2.2 Let p : A — > M be a Lie algebroid and V be a TM- 
connection on A. Associated with V there is an obvious linear A-connection 

which is clearly weakly compatible with the Lie algebroid structure. A bit 
more subtle is the following linear A-connection 

P^6 = V#(b)a+[a,6] 

which is strongly compatible with the Lie algebroid structure. These connec- 
tions play a fundamental role in the theory of characteristic classes ( see for 
instance [9]). 

Remark 2.2 In [9] there is a notion of compatibility between linear A- 
connections and the Lie algebroid structure which is stronger than the notion 
of compatibility given in Definition L2 1. 

2.5 Variations of A-paths, homotopy and curvature of A- 
connections 

We give an interpretation of the torsion and the curvature of an A-connection 
which leads naturally to the notion of homotopy of yl-paths. This notion 
plays a crucial role in the integrability of Lie algebroids (sec [7] ) . 
Let p : A — ^ M be a Lie algebroid with anchor # and E — *■ M a vector 
bundle. The curvature of an A-connection V on is formally identical to 
the usual definition 

R{a, b)s = VaVftS - VfeVaS - Vla,b]^, 

where a,b e T{A) and s G r(£'). The connection V is called flat if R 
vanishes identically. 

If X> is a linear A-connection the torsion of X> is given by 

Tv{a,b)=Vab-Vba-[a,b]. 
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In the usual case, the curvature and the torsion can be interpreted by using 
variations of paths. Let us precise this well-known fact in our context. First, 
let us give the appropriate notion of variation of paths. 
A variation of A-paths is a smooth map a : [0, 1] x [0, 1] — > A, (e, t) i— > a(e, t) 
such that: 

(i) for any e G [0, 1], the map a{e, .) is an A-path, 

(ii) the base variation 7(e, t) = p{a{e, t)) lies entirely in a fixed leaf L of the 
characteristic foliation. 

A variation of A-path a is given, we call a smooth map /3 : [0, 1] x [0, 1] — > A 
transverse variation to a if a and P have the same base variation 7 and 

Fix (a, f3) as above and denote by 7 the commune base path. Let V be an 
^-connection on a vector bundle E — > M and let s : [0, 1] x [0, 1] — > E 
be a section over 7. For any e G [0, 1], t 1— > a{e,t) is an A-path and we 
denote by VtS the derivative of t s{e,t) along this A-path. On the other 
hand, for any t e [0, 1], e 1-^ /3(e, i) is an A-path and we denote by VgS the 
derivative of e 1— > s(e,t) along this 74-path. 

It is clear that if # is injective, there is an unique transverse variation to a 
given variation of A-paths. However, if # is not injective, a given variation 
of A-paths admits many transverse variations to it. There is a way which 
permit the control of transverse variations to a fixed variation of A-path. 
Let us explain this important fact which is at the origin of the notion of 
homotopy of A-paths used in [7] . The first claim in the following proposition 
is a reformulation of a part of Proposition 1.3 in [7]. 

Proposition 2.2 With the notation above the following assertions hold. 

1. For any linear A-connection V, the variation 

A{a,P)=Vti3-V,a-Tv{a,P) 
does not depend on V and satisfies #(A(a, = 0. 

2. for any A-connection V on E and for any section s of E over 7 

VtVeS - VeVts = R{a,Pi)s + VA(a,/3)S- 

Proof. 
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1. Fix (eo, to) £ [0, 1] X [0, 1] and choose a local coordinates (.xi, . . . , Xq, yi, . . . , Un-q) 
near xq = 7(eo, ^o) and a basis of sections (ai, . . . , a, ) as in Theorem 
1.1 {q = rank#3;p). In these coordinates, we have 



a 



r 

e,t) = ^a*(e,t)aj 



i=l 
r 



1=1 

7(e,t) = {Xi{€,t), . . . ,Xg{e,t),Ci, . . . ,Cn-q), 

^ dx^ 

at 



(6) 



=1 
q 



where ci, . . . , c„_g are constant. Now 



Hence 



i=l 



dP" da"- 

Now, form (6), we have — — = — — for any i = 1, . . . ,q, 

at oe 



so 



^ i%-^)^^+t^'f3na^,a,]. (7) 

i=q+l \ / i,j=^ 

One can see that the right hand of this equality lies in Ker^ and does 
not depend on V. 

We choose a local trivialization {xi, . . . ,Xq,yi, . . . , ijn-q, ai, . . . ,ar) as 
above, we trivialize E near xq by a local basis of sections (ei, . . . , e^) 
and put 



7 = 1 
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We have 

J=l i,j V / i,j,k 

i,j \ / i,j,fe 

The above computation and (7) give the desired formula. □ 
Prom the expression of A(a,/3) given by (7) and from (6), we have 



A(a,/3) =0<^ < 



dai dPi ^ i^k^i 



Now by using the standard results about linear differential systems one can 
deduce easily the following useful proposition (compare to Proposition 1.1 
in [7]). 

Proposition 2.3 Let p : A — > M be a Lie algehroid. Then, for a given 
variation of A-paths a and for given (3o : [0, 1] — > A such that #(/9o)(c) = 
(e, 0) there exists an unique transverse variation (5 to a such that 

A(a, /3) = and p{e, 0) = /?o(e) for any e e [0, 1]. 

Pollowing [7], we can now define the homotpoy of A-paths with fixed end- 
points. Let ao and ai be two A-paths on a Lie algebroid p : A — > M such 
that ^(0:0(0)) = p{ai(0)) and p{ao(l)) = p{ai(l)). An A-homotopy with 
fixed end-points from ao to ai is a variation of A-paths a such that: 
(i) p(a(e,0)) = p(a(0,0)) and p(a(e, 1)) = p(a(0, 1)) for any e G [0,1], 
a(0, .) = ao and 0(1, .) = ai, 

(a) the unique transverse variation /3 to a satisfying A(a,/3) = and 

P{e, 0) = satisfies also /3(e, 1) = 0. 

The following Lemma will be useful latter. 
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Lemma 2.1 Let ao : [0,1] — > A be an A-path and /3o : [0,1] — > A an 
ao-section such that /3o(0) = Po{l) = 0. Then there exists an A-homotopy a 
with fixed end-points such thai a(0, .) = ao and the corresponding transverse 
variation P satisfies /3(0, .) = Po- 

Proof. Consider the base path 70 : [0, 1] — > M of ckq and choose an 
homotopy 7 : [0, 1] x [0, 1] — > M with fixed end points such that 7 lies in 
the same leaf as 70, 7(0,.) = 70 and ^(0, t) = #(/3o(*))- We choose also 
p : [0, 1] X [0, 1] — > A such that /3(0,t) = /3o(i) for any t € [0, 1], p{e,0) = 
/3(e, 1) = for any e G [0, 1] and ^{e, t) = #(/3(e, t)) for any (e, t). Prom (8), 
one can deduce that there exists an unique variation a : [0, 1] x [0, 1] — >■ A 
such that the base path of a is 7, ^{e,t) = #{a{e,t)), q(0, .) = ckq and 
A{a,P) = 0. This variation is clearly an 74-homotopy with fixed end-points 
and satisfies the required properties. □ 

3 Riemannian metrics on Lie algebroids 

In this section, we introduce the notion of Riemannian metric on a Lie 
algebroid which is a natural extension of the notion of Riemannian metric 
on a manifold. We show that most of the classical notions associated to 
a Riemannian metric can be defined in this context, namely, Levi-Civita 
connection, geodesies, geodesic flow, Sasaki metric, first and second variation 
formulas, Jacobi fields, the exponential... We show also that the Riemannian 
curvature of a Riemannian metric on a Lie algebroid satisfies formulas which 
are formally identical to the O'Neill formulas for Riemannian submersions. 

3.1 The Levi-Civita connection of a Riemannian metric on 
a Lie algebroid 

A Riemannian metric on a Lie algebroid p : A — ^ M is the data, for any 
X G M, of a scalar product < , >j; on the fiber A^ such that, for any local 

section a,b £ ^(A), the function < o, 6 > is smooth. 

The most interesting fact about Riemannian metrics on Lie algebroids is the 
existence on the analogous of the Levi-Civita connection. Indeed, if < , > 
is a Riemannian metric on a Lie algebroid p : A — > M, then the formula 

2<Vab,c> = #{a). <b,c> +#{b). <a,c> -#{c). <a,b> 
+ < [c,a],b > + < [c,b],a > + < [a,b],c> 
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defines a linear 74-connection wliich is characterized by the two fohowing 
properties: 

(i) V is metric, i.e., #(a). < 6, c >=< Vab,c > + < h,VaC >, 

[ii) T> is torsion free, i.e., — P^ra = [a, h]. 

We call T) the Levi-Civita A-connection associated to the Riemannian metric 
< , > 

In local coordinates {xi, . . . , Xn) over a trivializing neighborhood U of M 
where A admits a basis of local sections {ai, . . . ,ar), the Levi-Civita A- 
connection is determined by the Christoffel's symbols defined by T>a^aj = 
T^k^ijak- We have 

-, r n 
1=1 u=l 

+1 E E 9"' {crjgui + cr^guj + (9) 

i=l u=l 

where the structure functions 6*\C"( G C°°(U) are given by 

n 

#a, = E^"^-. (s = l,...,r), 

r 

[as, at] = X]^"*"" = 1, •••,?'), 

u=l 

gij =< ai, aj > and (y*-^) denotes the inverse matrix of (gij)- 

As the classical case, for any ^-path a and for any a-sections P and 7, one 

has 

^ < /?,7 >=< 2?"/3,7 > + < A^"7 > • (10) 
Remark 3.1 There are two extremal cases: 

1. The Lie algebroid A is the tangent bundle TM of a manifold and we 
recover the classical notion of Riemannian manifold. 

2. The Lie algebroid A is a Lie algebra Q considered as a Lie algebroid 
over a point. In this case a Riemannian metric on Q is a scalar product 
< , > and the Levi-Civita Q -connection is the product V : Q xQ — > Q 
given by 

2 < T>uV,w >=< [u,v],w > -\- < [w,u],v > < [w,v],u > . 
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Actually V is the infinitesimal data associated to the Levi-Civita con- 
nection of the left invariant metric associated to < , > on any Lie 
group with Q as a Lie algebra. 

The general setting is a combination of these two extremal cases. Indeed, 
let < , > be a Riemannian metric on a Lie algebroid p : A — ^ M with 
anchor then we have: 

1. For any leaf L of the characteristic foliation and for any x E L, we 
have 

= Qx ® Qx 1 

where is the orthogonal of Qx with respect < , >x- The restriction 
of the anchor # to Qj^ is an isomorphism into TxL and hence induces 
a scalar product on TxL 

< u,v >L=< a, 6 >, 

where a,b E and #(a) = u and #{v) = b. Thus < , > induces a 
Riemannian metric < , >l on L. We call it the induced Riemannian 
metric on L. 

2. The scalar product < , >x- induce a scalar product on Qx and we 
denote by V the Levi-Civita ^j;-connection associated with (Qx, < , >x 
)• 

Let us precise more this situation. Fix a leaf L and consider pl '■ Al — *■ L. 

We have 

AL = QL®Qt 

We call the elements of r(^i;,) vertical sections and the elements of T{Qj^) 
horizontal sections. For any section a, we denote by a'" its vertical component 
and by its horizontal component. Note that the bracket of a vertical 
section with every section is a vertical section. Thus, in the Riemannian 
point of view, the short exact sequence 

0—^Ql^Al^TL 

is formally identical to a Riemannian submersion. So we can introduce the 
O'Neill tensors [15] (see [1] for a detailed presentation). 
We denote by T and H the elements of r(A ^ ^*) whose values on 
sections a, b are given by 

Tab={Va^b-)'' + {Vavb''y and Hab={V,Hb-)f' + {V,ub''y. 
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The following properties of T and H are easy consequence of the definition. 

Ta^b"" = {Va^}ff and Tavh^ = {Vavh'^y , 

Ta^b = Tfyva , 

<^„.6^c^> = -<Tavc\b''>, 

Havb^ = Ha^b''=0, 

H^ub^ = iV^,b-f and H^,b'^ = iV^,b^y, 

H^hb^ = — HfjhCi^, 

< H^hb^, c" > = - < H^Hc\b^ > . 

On the other hand 

H,ub'^ = \[a\b'^r, (11) 

and, for any u,v eGx, 

Vuv = Vuv + Tuv. (12) 
Moreover, we have, for any a, 6 G ^{A), 

Vavb^ = Tavh^ + {Vavb^f, 
V,Hb- = {V,Hby + H,nb\ 
V^nb'^ = H^ub'^ + iV^Hb'^f. 

The following proposition is an immediate consequence of the last relation. 

Proposition 3.1 Let 7 : [toj^i] — ^ L be a smooth path and let : 
[to,ti] — > Q-^ be the unique A-path with the base path 7. Then 7 is a 
geodesic with respect to the induced Riemannian metric on L if and only if 
7^* is a geodesic of the Levi-Civita A-connexion. 

The following proposition gives an interpretation of the tensors T and H. 

Proposition 3.2 1. The Levi-Civita A- connection is strongly compatible 
with the Lie algebroid structure if and only if T = H = 0. 

2. The Levi-Civita A-connection is weakly compatible with the Lie alge- 
broid structure if and only ifT = 0. 

Proof. This is a consequence of Proposition 1.1 and the relations above. □ 
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3.2 Geodesic flow of a Riemannian Lie algebroid 

The Riemannian strueture on a Lie algebroid A gives arise to an identi- 
fication between A and its dual A*. Thus A inherits a Poisson structure 
from the canonical Poisson structure of A*. As the classical case (when 
A = TM), the Hamiltonian vector field associated to the energy function 
on A is the geodesic flow of the Riemannian Lie algebroid. In this section, 
we give a complete proof of this fact and we generalize all the classical no- 
tions related to the geodesic flow, namely, the Sasaki metric, the first and 
second variation formulas, the Jacobi fields and the exponential. We give 
also the explicit formula of the divergence of the geodesic flow according to 
the Sasaki metric and we point out natural obstructions to the vanishing of 
this divergence. These obstructions vanish when A is the tangent bundle of 
a manifold and we recover the classical Liouville theorem. 

Let p : A — > M be a Lie algebroid and < , > a Riemannian metric on 
A. The Riemannian metric defines a bundle isomorphism between A and 
A* which transport the Lie- Poisson structure on A* into a Poisson structure 
say 7r< ^ > in A. Let E : A — > IR be the energy function given by 

E{a) = ^ < a, a > 

and let Xe denote the hamiltonian vector field associated to E with respect 
to 7r< ^ > . The following result is a generalization of a well-known result in 
Riemannian geometry. 

Theorem 3.1 The geodesies of the Levi-Civita connection associated to < 
, > are the integral curves of the hamiltonian vector field Xe- 

Proof. Let (xi, . . . system of coordinates over an open set U of M 

where A admits a basis of local sections (ai, . . . , a^). The structure functions 
b'\C^t e C^iU) are given by 

n 

#a, = (s = l,...,r), 

i=l 

r 

[as, at] = ^Qa„ (s, i = 1, . . . , r). 

u=l 

We denote by {^i, . . . , jir) the linear coordinates on the fibers of A associated 
to (oi, . . . , Oj.) and by (^i, . . . , (r) its dual coordinates on A*. Recall that 
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the Poisson brackets on A* are given by 

{Xi,xj} = 0, {x,,U = -6^' and {6, Ct} = E ^"tC^- 

u 

Put Qij =< ai,aj > and denote by {g^^) the inverse matrix of (gij). The 
isomorphism < , A* — > A, the energy function and Xe are given, 
respectively , by 

r r 

{xi,...,Xn,^^,...,C) {xi,---,Xn,'^9^''^i,...,'^g"^i), 

i=l i=l 

1 ^ 

n r 

i=i j=i 
According to (5), we must show that, for i = 1, . . . , n and j = 1, . . . , r, 

{E,Xi} = Y,^^kb''' and {E, fij} = f^sfitTit, (13) 

k s,t 

where F^^ are the ChristofFel symbols given by (9), i.e., 

, r n 

2 E E {b^'^d.uiaji) + v^^d^M - b'^-d^M) 

^ 1=1 u=l 

+1 E E (C^jdui + cr.guj + Cl^jgm) . 

1=1 u=l 

1. The first relation in (13) is a straightforward computation. Indeed, 
{E,Xi} = ^J29kl{lJ'ktJ'l,Xi} = ^^gki{lJ'k{fJ'l,Xi} + fJ.i{nk,Xi}) 

k,l k,l 

= Yl9kll^k{l^l,Xi} = '^gkll^k{Yl9''^^j,Xi} 

= E 9kig^^i^k{^j,xi} = E 9kig^^i^kb^' 

k,l^j k,l,j 



13 o 

^ 1=1 u=l 



= T.{Y.9kld']^ikV' = Y.^'kh''\ 

k,j \ I J k 
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2. Wc must work much more to establish the second relation in (13). 
Note first that 

s,t s,t,u,l 

+\ E 9'' {C^t9ui + Crs9ut + Crtgns) t^stit (14) 

s,t,u,l 




Wc have used in (a) the fact that C"^ = — C^. Now 
2{E,^ij} = J2{9stlJ'slJ't, IJ'j} 

s,t 

= E idstil^sl^t, Mil + l^sl^t{9st,l^j}) 
s,t 

= Yl idsti^sifj't, iJ-j} + gsmifj-s, fj-j}) + E i^sfj-tg^^igst, 6} 

s,t s,t,l 

= '^Y,9stlJ's{fJ't,IJ'j} - Yl 9^^^^''^^^(9st)tJ's(J't- (15) 

s,t s,t,l,u 

By comparing (14) and (15), one can see that the desired relation is 
equivalent to 

E 9stfis{l^t, l^j} = Yl 9^^ {-b'^'d^cu iati) + h^^'d^cu idst)) f^sf^t 

s,t s,t,u,l 

- E 9''9utCliislJ^t. (16) 

s,t,u,l 

Let us establish this relation. Note first that 

= Y{9''^i^9'%} 

k,l 

= E {9''9^H^i,^k} + g%{^i,9''} + 9'%{g^^k}) 

k,l 

= Y g^'g^^CUn + E g^'^kh'^^d^u {g^") - Y a'^b'^^'d,^ (/) 

k,l,u k,l,u k,l,u 

= Y a'^g'^'cUu + Y (5^'^-. (5'") - a^'d^, (^ )) in- 
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Hence 



s,t s,t,k,l,u 



Now 

s,t,k,l,u s,k,u s,t,k,u 

= - E ff'^9utCisiislJ't- 

s,t,u,l 

s,t,k,l,u s,k,u 

= E b''^9utdxk{9^'^)t^siJ-t 

s,t,k,u 

= E b''dx,{9ut9ni^sfit- E fe''5'"5a^.(5«t)Ai.)"t 
= - E b^^9^^dxk{9st)g^''9uhlJ^slih 



E b^''9^^9x^{gst)HsfM 



Thus we get (16) and the theorem follows. □ 

The flow of the Hamiltonian vector field Xe is called the geodesic flow of 
< , >■ 

Remark 3.2 Let p : A — ^ M be a Riemannian Lie algebroid. Then: 

1. For any leaf L, the geodesic vector field Xe is tangent to and to Qx 
for any x E L. This follows from the fact that geodesies are A-paths. 
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2. From Proposition 3.1, one can deduce that, for any leaf L, the geodesic 
vector field Xe is tangent to Qj^ . 



Corollary 3.1 Let p : A — > M be Riemannian Lie algebroid. Then 

1. If L is a compact leaf then the geodesic flow is complete in restriction 
to Al. 

2. If M is compact then the geodesic flow is complete and for any leaf L 
the induced Riemannian metric < , >l is complete. 

We will now construct an analogous of the Sasaki metric on A and study 
the divergence of the geodesic flow with respect to this metric. Actually, the 
Sasaki metric is not defined on A but only on where L is a leaf of the 
characteristic foliation. 



Let p : A — > M be a Riemannian Lie algebroid with anchor ^. Fix a leaf 
L, consider pi : Al — > L and put VAl = KevdpL. 

For any a G A^, we consider the subspace H^Al of TaAi consisting of the 
tangent vectors Va such that there exists an horizontal A-path a : [0, 1] — > 
Qj^ satisfying p{a{0)) = p{a) and 

where is the parallel transport along a. We have 

TAL = VAL(Bn^AL. (17) 

Indeed, we define 

K:TAl^ Al 

as follows. Fix a G Al and Z € TaAL and choose [3 : [0, 1] — > Al such 
that /3(0) = a and /3(0) = Z. There exists an unique horizontal A-path 
a : [0, 1] — > Qj^ with the base path po f3{t). Put 

K{Z) = (P"/3)(0). 

It is easy to check that K is well-defined, Kerii' = T-L^Al^ for any Z G VAl 
K{Z) = Z and deduce (17). 
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Let (xi, . . . ,xi) be a system of local coordinates on an open set U in L and 
(ai, . . . , Qr) is a basis of local sections (over U) of Al- This defines a system 
of coordinates (xi, . . . , x/, /xi, . . . , /i^) on and if 

3 j 

then 

^(^) = E (^^' + E (18) 

where dpL{Z) = ^CEiCtitti) and € Gl- 

Remark 3.3 In general, the geodesic vector field does not lies in KerK. 
Indeed, one can check easily that for any a € Aj^ 

K{XE{a)) = -Vava. (19) 

Moreover, for any a E A, the geodesic 4>t{a) splits 0t(a) = 0"(a) + 0^(a) and 
the path a{t) = (f)t{a) is an A-path and the vector field 

is the horizontal component of Xe- 
We define the Sasaki metric on by 

gL{Za,Za) =< dap{Za),dap{Za) >L + < K{Za),K{Za) > . 

The projection pL ■ Al — > L becomes a Riemannian submersion. We 
consider now the Liouville vector field "f^ on ^4^ which is the vector field 
generating the flow ^t(a) = e*a. By direct computation one can get 

[-r,XE] = XE. (20) 

From this relation, one deduce that Xe preserves the Riemannian volume 
on Al associated to if and only if Xe preserves the Riemannian volume 
of the restriction of ql to the spheres bundle UAl = {a E Al; < a,a >= 1}. 
Let us compute the divergence of the geodesic vector field with respect to 

9L- 



21 



Theorem 3.2 The divergence the geodesic vector field Xe with respect to 
the Sasaki metric gi is given by 

div{XE){a) = Tiada-+ <a^,N > (21) 

where adav : Qpt^a) — > Qp{a), b — > K, b] and = T^-bi where (bi, . . . , bg) 
is any orthonormal basis of Qp^^a.) <3m(i T is the O'Neill tensor defined in 3.1. 

Proof. Denote by I the dimension of L and choose a system of local coordi- 
nates (xi, . . . , xi) in some open set U of L. Choose (oi, . . . , a;) an othonor- 
mal basis of sections of Qj^ — > U and {pi, ... , b^-i) an orthonormal basis of 
sections of — ^ U. We get a system of coordinates in ^l- Put, for 

any z = 1, . . . , 

#{a{) = Y,p^^d,^ and = ^p^^'O,^ - ^(^/.,r^,.)^«- 

3 j I 3 

By using (18), one can check easily that K{Z'^) = and K{d^.) = for i = 

and K{d^J = bi for i = l+l, ... , l-r. Moreover (Z\ . . . , , . . . , 5^^) 

is an orthonormal frame of and hence 

div{XE) = J2gLi[Z\XE],Z') + J29L{[di,„XE],di,.). 

i 3 

Recall that 

I 

Xe= Yl P^'l^kdxi -Y^fisfitTitd/,.. 

i,k=l j,s,t 

So, for 1 < j < I, 

i i,t 

gL{[d,„XE],d,.) = <K{[d,.,XE]),Kid^,)>^=^ -Y.f^trlj = o, 

t 

since F^j =< Va^ajjaj >= — < ajjVa^aj > . 
For j > / + 1 

i,t 

gL{[d^„XE],d^^) = -E^tr^-f 

t 
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Hence 

j j>i+i t 

I 

= - E E/^* < T^b^aubj > - E E Ait < T^bjbuhj > 

j>i+it=i j>i+it>i+i 

= < a^ E > - E < > 
j>;+i j>i+i 

j>i+i j>i+i 
= < a'' , N > +Tradav . 

On the other hand, one can see easily that 

I r I 

k=l j=ls>l+l,t k=l 

Note that V is vertical and since, for any i = 1, . . . , Z, is basic (with respect 
to the Riemannian submersion pi : Al — > L) then [Z*, V] is vertical. Note 
also that, for any i, /c = 1, . . . , /, dpL{\Z'^, Z'^]) = #{[ai, Uk]). Hence 

J29l{[Z\Xe],Z^) = Y.9L{[Z\likZ%Z^) 

i i,k 

= J2Z\ni) + J2f^k<#{[ai,ak]),#ai>L 

i i,k 

= Yl^'^l^i'^ + ^l^k <[ai,ak]^,ai> 

i i,k 

= '^Z''{iii) + J2l^k<[ai,ak],ai> 

i i,k 

= -EMfcr:fc + $:/xfcr^fe = o. 

Finally, we get the desired formula. □ 

Corollary 3.2 The geodesic flow preserves the Riemannian volume on Al 
if and only if N = and Qx is unimodular for some x E L. 

Remark 3.4 1. If A = TM then Q = {0} and div{XE) = and hence 
we recover the classical theorem of Liouville. 



23 



2. If A is a Lie algebra Q endowed with a scalar product < , >. The 
geodesic vector field Xe is given, in any system of linear coordinates 
(xi, . . .,Xn), by 

i,s,t 

and the Sasaki metric is the flat Riemannian metric < , >. From The- 
orem 3.2 we deduce that divXE{a) = Trada- Hence Xe is divergence 
free if and only if Q is unimodular. 

We will now establish the first and the second variation formulas in the 

context of Riemannian Lie algebroids. 

Let p : A — > M be a Riemannian Lie algebroid with anchor For any A- 
path a : [0, 1] — y A we define the energy and the length of a, respectively, 

by 

E{a) = l-[ < a{t),a{t) > dt and C{a) = ( J < a{t),a{t) >dt. 
2 Jo ^0 * 

For any m, q lying in the same leaf of the characteristic foliation, we denote 
by ^mq the set of ^-path a such that p{a{0)) = m and p{a{l)) = q. 

Proposition 3.3 (First variation formulas) Let p : A — > M be a Rie- 
mannian Lie algebroid. Then: 

1. For any variation of A-paths a : [0, 1] x [0, 1] — > A and for any P a 
transverse variation to a, one has 

d /"i 
— E(a) = < /3(€,l),a(€, 1) > - < /3(e,0),a(e,0) > - / <p,Vta> 
de Jq 

- [ < A{a,P),a > dt. 
Jo 

2. The h-critical points of E : — >■ IR, namely the A-paths ao such 
that 

^E(a)|,=o = 
for any A-homotopy a in Qrng starting at ag, are geodesies. 

3. For any variation of A-paths a such that ao is parameterized with 
arc-length, 

|E(a)|,=o = |^(«)k=o- 



dt 
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4- An A-path ao G is h-critical for L, namely 

d 



de 



C{a)\^=Q = 



for any A-hom,otopy in ^mq starting a,t ao, if and only if there exists a 
change of parameter such that the A-path ao = //'ao(/i) is a geodesic. 



Proof. 



1. Let us compute ^E(a). We have 

d 1 d 1 d 

— E(ag) = / < a, a > dt = - — < a,a > dt = < V^a, a > dt 

de 2de Jo 2 Jo de Jo 

= [ <VtP,a>dt-[ < A{a,/3),a > dt (Proposition 2.2) 
Jo Jo 

= [ dt{< P,a>)dt- [ {< P,Vta>)dt- [ <A{a,P),a>dt 
Jo Jo Jo 

= < /?(e,l),a(e,l) > - < /3(e,0),a(e,0) > - / <(3,Vta>dt 

Jo 

- < A{a,l3),a > dt. 
Jo 

Analogously one can get 

C{a) = \a\-^/^dti< (3,a>)dt- \a\~^^^i< >)dt 
Jo Jo 

- / lal"^/^ < A{a,p),a > dt. (22) 
Jo 



d_ 
de 



2. Let ao be geodesic and let a be an ^-homotopy with fixed end-point 

starting at oq- Then there exists a transverse variation /? to a such 
that /3(e, 0) = /3(e, 1) = and A(a,/3) = 0. Hence from 1., we get 

4 E(a) = 0. 
de\e=o 

Conversely, suppose that ckq is an A-path which is a /i-critical point 
of E : Q^mq — ^ IR- Consider the ao-scction /3o(i) = f{t)T^tcto where 
/ : [0, 1] — > IR is a smooth function such that /(O) = /(I) = 0. 
According to Lemma 2.1, there exists an A-homotopy a with fixed 
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end-points and starting at ag and such the corresponding transverse 
variation (3 satisfies /?(0,t) = /3o(0- By applying the formula in 1., we 
get ^ 

= / f{t)<Vtao,Vtao>dt 

Jo 

and hence Vfao = which means that oq is a geodesic. 

3. This is a consequence of (22) and |ao| = 1. 

4. Immediate from 2. and 3. □ 

Proposition 3.4 (Second variation formulas) Let p : A — > M be a 

Riemannian Lie algebroid. Then the following assertions hold. 

1. For any variation of A-paths a such that ao is a geodesic and for any 
(3 a transverse variation to a such that A{a,(3) = 0, one has 

d^ 

^E(a)|,=o = < 2^6/5(0, 1), a(0, 1) > - < ^^/^(0, 0), a(0, 0) > 



+ I < T>tPQ, VtPo >dt+ I <(3q, R{ao, Poho > 
Jo Jo 



dt. 



2. Let a he an A-homotopy of A-paths such that ao is a geodesic and let 
f3 he the corresponding transverse variation. One has 

d^ /"i /"i 

^E(q;)|,=o = < VtPo,VtPo > dt + < (3o,R{ao,(3o)ao> dt. 

3. Let a be a variation of A-paths such that ao is a geodesic parameterized 
by arc length and let f3 a transverse variation to a such that A(q;, /?) = 
0. One has 

—C{a\=o = < 2^6/3(0, 1), a(0, 1) > - < V,(5{Q, 0), a(0, 0) > 



+ C < VtPo,VtPo >dt-\- r < (3o,R{ao,(3o)ao > dt 
Jo Jo 

- < ao,VtPo > dt. 
Jo 
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4- Let a be an A-homotopy of A-paths such that cto is a geodesic pa- 
rameterized by arc length and let j3 be the corresponding transverse 
variation. One has 



de^ 

/■I 

< ao,VtPo > dt. 



f 

Jo 



Proof. 

1. Prom the first variation formula, we have 



d 

— E(a) = < /3(e,l),a(e,l) > - < /3(e,0),a(e,0) > - / <p,Vta> 
de Jo 



dt. 



Then 



^E(a) = <V,p{e,l),a{e,l) > + < P{e,l),V,a{e,l) > 

- < VJ{e, 0), a{e, 0) > - < /3(e, 0),V^a{e, 0) > 

- / < VeP,Vta >dt- f < P,VJ)ta > dt. 
Jo Jo 

I <(3,VJ)ta>dt = I < P,VtV^a> dt+ I < (3,R{(3,a)a > dt 
Jo Jo Jo 

= [ dt{< l3,Vea>)dt- [ <Vtp,Vea>dt 
Jo Jo 

+ < P, R{/3, a)a > dt 
Jo 

= < I3{e, l),V^a{e, 1) > - < /?(e, 0), Pea(e, 0) > 

-/ <Vtl3,VtP > dt+ [ < P,R{p,a)a> dt 
Jo Jo 

Hence 

--^E(a) = < Pe/?(e,l),a(e,l) > - < X'e/?(e,0),Q:(e,0) > - / <V^I3,Vta>dt 
de Jo 

+ I < VtP, VtP>dt+ [ < /3, R{a, P)a > dt. 
Jo Jo 
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2. In this situation, we have I?g/3(e, 1) = Pg/3(e, 0) = Vfa = and the 
formula follows. 

3. and 4. are left to the reader. □ 

As an application of Proposition 3.3, we give now a description of the 
geodesies of a left invariant Riemannian metric on a Lie group using the 
geodesies of its Lie algebra considered as a Riemannian Lie algebroid. 

Let G be a Lie group and Q = T^G its Lie algebra. For any u € Q, we 
denote by ii+ the associated left invariant vector field on G. Suppose that 
G is endowed with a left invariant Riemannian metric g and put < , >= g^. 
If we think to as a Lie algebroid, (Q, < , >) is a Riemannian Lie algebroid 
and we will explain how one can construct the geodesies of {G, g) from the 
geodesies of {G,< , >). Choose a basis (ei,...,e„) of Q and put gij =< 
ei,ej >. Recall that the geodesies of {Q,< , >) are the integral curves 
of the geodesic vector field Xe given in the linear coordinates (xi, . . . ,Xn) 
associated to (ei, . . . , e^) by 

where F^^ are given by 

nt = ^ E^'' iamC^t + gutCts + 9usCTt) • 

l,u 

Here {g'^^) is the inverse matrix of (gij) and C^j are given by [ei,ej] = 

Proposition 3.5 Let h e G and v G T^G. Then the geodesic 7 : IR — > G 
of {G,g) satisfying 7(0) = h and 7(0) = v is the integral curve pass- 
ing through h of the time- depending family of left invariant vector fi,elds 
{a'^ {t))t£M where a : IR — > Q is the geodesic of {G,< , >) satisfying 
a{0) = {L„-il (v). 

Proof. Note first that by invariance the integral curves of {a^ {t))t£TR are 
complete. Note also that both {G,g) and {G, < , >) are geodesically com- 
plete. Let 7 : IR — > G be the integral curve of {a'^{t))tem. satisfying 
7(0) = h. We have 

7(0) = «+(0) = (Lh), (a(0)) = {Lh o L^-i), {v) = v. 
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We will show that for any ti,t2 G IR, the restriction of 7 to [ii, is a critical 
point of the energy functional Eg : — > JR where is the space of smooth 
curves fi : [ti, t2] — > G such that //(ti) = 7(ti) and n{t2) = 7(^2)- 
Let 7 : [0, 1] X [ti , — > G be an homotopy with end-fixed points such that 
7(0, .) = 7. It is well-known (see [7]) that the variation a : [0, 1] x [ii, ^2] — *■ 
Q given by 




is a t/-homotopy. Moreover, a{0, .) = a and, by invariance, £^(7) = 
E< , >(5). By applying Proposition 3.3, we get ^E< ^ >(S)|g=o = 0. Thus, 
^Eg (7)1^=0 = and, by applying the classical result on geodesies of Rie- 
mannian metric we deduce that 7 is a geodesic. □ 

Remark 3.5 // the Riemannian metric g is bi-invariant then T^j = \Cfj 
and hence Xe vanishes identically. We deduce from Proposition 3.5 that the 
geodesic of {G,g) passing through h ^ G and with initial velocity v € T^G 
is the integral curve (passing through h) of the left invariant vector field 

Let us define now Jacobi sections along a geodesic. 

Definition 3.1 Let A he a Riemannian Lie algebroid and a : [0, 1] — > A a 
geodesic. A Jacobi a-section is an a-section /? which satisfies 

0' - Ria,f3)a = 0, 

where (5' is the derivative of (3 along a and so on. 

Proposition 3.6 Let a : [0, 1] — >■ A be a geodesic in a Riemannian Lie 

algebroid A. Then for any a,b G ^p(a(o)) th^^G exists one and only one Jacobi 
a-section such that /3(0) = a and (3'{0) = b. If (3(0) = and /3'(0) = ka{0) 
then P(t) = kta(t) for any t. ///3(0) and /3'(0) are orthogonal to a(0), then 
P{t) is orthogonal to a{t) for any t. In particular the vector space of Jacobi 
a-sections has dimension 2r and the subspace of Jacobi a-sections which are 
normal to a has dimension 2(r — 1). 

Proof. Take an orthonormal basis (ai, . . . ,0^) of ^^(^(o)) such that ai = 

ka{0). The parallel transport along a of the vectors gives a basis of 
orthonormal a-sections (si, . . . , Sr) with si = ka. Every Jacobi a-section P 
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is a linear combination of Sj, say /? = Y^iiViSij whose coefficients satisfy the 
differential system 

r 

y- -Y,< ^("' > yj = 0- 

For given initial conditions /3(0) = a and /3'(0) = b, the existence and 
uniqueness of /3 come from standard results about linear differential systems. 
If l3{0) = and /3'(0) = ka{0) then P{t) = kta{t) since = 0. 

The condition /3(0) and /3'(0) to be orthogonal to a means that yi(0) = 
and y'i(O) = 0. In that case yi{t) = for any t, since y"{t) = O.D 

Proposition 3.7 Let ao : [0, 1] — > A be a geodesic, and a be a variation of 
ao such that all A-paths a(e, .) are geodesies. Then, for any transverse vari- 
ation f3 of a such that A(a,/3) = 0, Pq is a Jacobi ao-section. Conversely, 
every Jacobi ao-section can be obtained in this way. 

Proof. We have 

p'^;{t) = VtVtmt). 

Performing the two exchanges of t and e, we get from Proposition 2.2 

p'^{t) = VtV,a{0, t) = V,Vta{0, t) + i?(ao, (5o)aQ. 
Since the A-paths are geodesies, the first term vanishes and we get 

= R{ao,Po)ao. 

Conversely, take a Jacobi ao-section b and the geodesic c such that c(0) = 
6(0). Take parallel sections sq and si along c such that so(0) = ao(0) and 
si(0) = 6'(0). Set 

s(e) = so(e) + esi(e) and a{e,t) = (l)t{s{e)), 

where (f)t is the geodesic flow. Consider the transverse variation P to a such 
that /3(e, 0) = c(e) and A{a, (3) = 0. We will show that /3(0, .) and b coincide. 
Remark first that these two ao-sections satisfy the same differential equation 
namely 

y" - R{ao,y)ao = 0. 

Since 6(0) = p{0,0) = c(0), let us show that A/3(0,0) = 6'(0). Since 
VtP = V^a, we have V^a{0, 0) is the value at of the derivative of the curve 
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a(e, 0) along the A-path /?(e,0). Or a(e,0) = s(e) and /?(e,0) = c(e) and we 
get V,a{0,0) = si(0) = 6'(0).n 



As the classical case, the Jaeobi sections can be used to compute the deriva- 
tive of the exponential which can be defined as follows. Let p : A — > M be 
a Riemannian Lie algebroid. Fix a point m e M and denote by L the leaf 
containing m. We define the exponential 

■M cAm — >L 

where Um = {a G A^, ^i(a) is defined} and expmiot) = P°4>i{o:) i4> is the 
geodesic flow). 

Proposition 3.8 We have 

daexpmiu) = #(/?(!)) 

where f3 is the Jacobi section along 1 1— > (j)t{a) with initial condition /3(0) = 
and p'{0) = u. 

Proof. We have 

daexpmiu) = p{4)i{a + eu)). 

ae|e=o 

We consider the variation of geodesies a(e, t) = (j)t{o, + eu) with fixed initial 
point. We consider the transverse variation (5 such that /3(e,0) = and 
A(a,/3) = 0. We have that (3q is a Jacobi ao-section such that /?o(0) = 
and #(/3o(l)) = ^|g=o^('?^i('J + by construction. □ 

As the classical case, we define the sectional curvature of two linearly inde- 
pendent vectors a, 6 G A^n by 



<R{a,b)a,b> 

K[a, 0) = — - 



< a, a >< 6, 6 > - < a, 6 >2 ■ 

Proposition 3.9 Let p : A — > M be a Riemannian Lie algebroid. If the 
sectional curvature is everywhere nonpositive then expm is a submersion for 
every m E M. 

Proof. Fix a G A„i and let J'q be the space of Jacobi sections f3 along 
a{t) = (f>t{a) such that /?(0) = is the geodesic flow). We define the 
linear application 
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by ^iP) = We will show that ^ is injective and hence an isomorphism 
since dim JTq* = dimAp(^^^(^cio))- Suppose that P G Jq satisfies = 0. The 
function / : [0, 1] — > IR given by f(t) =< (3{t),f3{t) > satisfies 

f'{t) = 2<(3'{t),P{t)>, 

f"{t) = 2<p'{t),l3'{t)>+2<l3"{t),m> 

= 2 < p'{t), (3'{t) > +2 < R{a{t), /3{t))a{t),P{t) > . 

Hence /" > and since /(O) = /(I) = we deduce that / vanishes 
identically and then — 0. This shows that ^ is injective and hence 
an isomorphism. From Proposition 3.8, one can identify Keidaexpm with 
{Gp((f,^(a))) ^■iid the proposition follows. □ 

4 O'Neill's formulas for curvature 

Let p : A — > M be a Riemannian Lie algebroid. The different curvatures 
(sectional curvature, Ricci curvature and scalar curvature) can be defined as 
the classical case (when A = TM). For any leaf L, the short exact sequence 

is formally identical to a Riemannian submersion and hence all formulas on 
curvature given by O'Neill are valid in this context. We denote hy K, K and 
K respectively, the sectional curvature of the Riemannian metrics < , >, 
the restriction of < , > to ^i, and the induced metric on L. The following 
proposition is a reformulation of Corollary 9.29 pp. 241 in [1]. 

Proposition 4.1 Let a,P,si,S2 G ^{Al) such that a, (3 are vertical, si,S2 
are horizontal and |q! A /?| = 1, |si| = |a| = 1, |si A S2I = 1- Then 

K{a,P) = K{a,f3) + \T^(3\^-<Taa,Tfs(3>, 
K{si,a) = < {'Ds-^^T)aa,si > -\TaSi\ + |i?siap, 

K{si,S2) = K{si,S2) -S\Hsj^S2\'^. 

The last formula says that the leaves carry "more curvature" than the Lie 
algebroid and by applying Mayer theorem we get: 

Proposition 4.2 Let A — > M be a complete Riemannian algebroid and 
let L be a leaf of the characteristic foliation such that for any linearly inde- 
pendent horizontal sections si, S2 over L, K{si, S2) > k. Then diamL < 
and hence L is compact. 
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There is another case when one can apply Mayer theorem. Consider a Rie- 
mannian Lie algebroid p : A — M such that the O'Neill tensor T vanishes 
and fix a leaf L and denote by r and r respectively the Ricci curvature of 
the Riemannian metrics < , > and < , >l- The formula 9.36c pp.244 in [1] 
applies in our context and gives 

I 

r{si,S2) = r(#(si),#(s2)) - < Hs^ai,Hs^ai > 

i=l 

where (ai, . . . , a/) is any orthonormal basis of Qj;. By applying Mayer the- 
orem we get: 

Proposition 4.3 Let A — > M be a complete Riemannian algebroid such 
that T = and let L be a leaf of the characteristic foliation such that there 
exists a constant k such that the restriction of r to Qj^ satisfies 

r >{n- l)k~^ < , > ■ 

Then diamL < and hence L is compact. 

5 Integrability of Riemannian Lie algebroids 

In this section, we study the integrability of Riemannian Lie algebroids. We 
show that a Riemannian Lie algebroid such that the O'Neill tensor H van- 
ishes is integrable. We show also that a complete Riemannian Lie algebroid 
with nonpositive sectional curvature is intergrable and it is diff'eomorphic 
to its Weinstein Lie groupoid. This result is a generalization of Hadamard- 
Cartan theorem. 

A groupoid is a small category C in which all the arrows are invertible. We 
shall write M for the set of objects of C, while the set of arrows of C will be 
denoted by C. We shall often identify M with the subset of units of C. The 
structure maps of C will be denoted as follows: s,t : C — > M will stand 
for the source map, respectively the target map, m : = {{g,h)]s{g) = 
t{h)} — > C the multiplication map {m{g, h) = gh), i : C — > Ci {i{g) = g~^) 
for the inverse map and u : M — > C (u{x) = Ix) for the unit map. Given 
g E C, the right multiplication by g is only defined on the s-fiber at t{g), 
and induces a bijection 

Rg:s-\t{g))^s-\sig)). 
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A Lie groupoid is a groupoid C, equipped with the structure of smooth 
manifold both on the C and on the M such that all the structure maps are 
smooth and s and t are submersions. 

The construction of a Lie algebra of a given Lie group extends to Lie 
groupoids. Explicitly, if C is a Lie groupoid, the vector bundle T^C = 
Ker((is) over C of s-vertical tangent vectors pulls back along i : M — > C to 
a vector bundle A over M. This vector bundle has the structure of a Lie 
algebroid. Its anchor ^ : A — > TM is induced by the differential of the 
target map, dt : TC — > TM. The sections of A over M can be identified by 
the space of right invariant s-vertical vector fields which induce a Lie bracket 
on the space of sections of A. With this construction in mind, one can see 
that a Riemannian structure on A is equivalent to the data of a Riemannian 
metric on any s-fiber such that, for any g & C, Rg : s~^{t{g)) — ^ s~^{s{g)) 
is an isometry. In this case, for any x Lx is a Rieman- 

nian submersion where the leaf Lx is endowed with the metric defined in 
3.L 

A Lie algebroid A is called integrable if it is isomorphic to the Lie algebroid 
associated to a Lie groupoid. In [7], Crainic and Fernandes give a final 
solution to the problem of integr ability of Lie algebroids. They show that the 
obstruction to integrability can be controlled by two computable quantities. 
The following proposition is a direct application of Crainic-Fernandes results 
on integrability. 

Theorem 5.1 Let p : A — > M be a Riemannian Lie algebroid such that 
H = 0. Then A is integrable. 

Proof. For any leaf L, the vanishing of H implies, according to (11), that 
the space of sections of Qj^ — > L is a Lie subalgebra of T{Al) and hence 
there is a splitting a : TL — > Al oi the anchor, which is compatible with 
the Lie bracket. By applying Corollary 5.2 in [7], we get the result. □ 

There is a large class of Lie algebroids for which one can apply this result. 
Let (M, tt) be a Poisson manifold. The cotangent bundle T*M carries a 

structure of a Lie algebroid where the anchor is the contraction by tt, tt^ : 
T*M — > TM and the Lie bracket is given by the Koszul bracket 

[a, /3] = C^^(a)P - ■^7r#(/3)a - dTr{a, (3) 

where a,P & Q.^[M). Let < , > be a Riemannian structure in T*M. 
In [3], the author studied the triple (M, tt, < , >) such that tt is parallel 
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with respect the Levi-Civita ( r*M-connection T>. A triple (M, n,< , > 
) satisfying Vn = is called Riemann-Poisson manifold. The condition 
Vir = implies that Ker7r# is invariant by parallel transport and hence 
T> is strongly compatible with the Lie algcbroid structure of T*M. By 
Proposition 3.2 we deduce that H = 0. So we get the following result. 

Corollary 5.1 Let (M, vr, < , >) be a Riemann-Poisson manifold. Then 

the Lie algebroid structure ofT*M associated to vr is integrahle. 

Recall that the Wcinstein groupoid of a Lie algebroid A is the set C{A) con- 
sisting of ^-homotopy classes of yl-paths (see [7] for detail). The groupoid 
C{A) is a topological groupoid and it carries a structure of Lie groupoid if 
and only if A is integrable. 

Given a Ricmannian Lie algebroid p : A — > M, we define the exponential 
from UA = {a G A,(pi{a) is defined} to the Weinstein groupoid C(A) as 
follows: Exp : UA — > C{A) maps a to the ^-homotpoy class of the geodesic 
Ma) : [0, 1] A. 

A proof of the following theorem will be given in a furthercoming paper. 

Theorem 5.2 Let p : A — > M be a complete Ricmannian Lie algebroid 
such that the sectional curvature is nonpositive. Then: 

1. for any leaf L, expL '■ A^ — >■ L is a locally trivial fibration, 

2. p : A — > M is integrable and Exp : A — > C{A) is a diffeomorphism. 
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